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We study numerically the damping of quantum oscillations and the increase of entropy with
time in model spin systems decohered by a spin bath. In some experimentally relevant cases,
the oscillations of considerable amplitude can persist long after the entropy has saturated near its
maximum, i.e. when the system has been decohered almost completely. Therefore, the pointer
states of the system demonstrate non-trivial dynamics. The oscillations exhibit slow power-law
decay, rather than exponential or Gaussian, and may be observable in experiments.
PACS numbers: 03.65.Yz, 75.10.Jm, 76.60.Es, 03.65.Ta
For a quantum system prepared in a linear superpo-
sition of its eigenstates, some observables can oscillate
with time. Interaction of the system with its environment
leads to a decay of the system’s initial pure state into a
mixture of several ”pointer states”; it causes an increase
of the system’s entropy (decoherence) and damping of
quantum oscillations (dephasing) with time [1, 2]. Both
effects, decoherence and dephasing, are often considered
as equivalent results of the mixed state of the system.
But careful analysis shows important differences [3, 4]
originating from the fact that the same density matrix
can describe both an ensemble of similar systems, and a
single decohered system. Thus, e.g., dephasing can ap-
pear in an ensemble of pure, non-decohered systems with
slightly differing dynamics (this is an idealized picture
of T2 processes in NMR). Decoherence and dephasing
are hard to distinguish in experiments which employ en-
sembles of quantum systems. However, recently it has
become possible to study single quantum systems, such
as trapped ions [5], atoms in cavities [6], or even meso-
scopically big Cooper-pair boxes [7]. As a result, the-
oretical consideration of the relation between dephasing
and decoherence has become experimentally relevant and
important.
In this work, we compare dephasing and decoherence
in single systems of interacting s = 1/2 spins coupled to
a bath of s = 1/2 spins. We show that in some cases,
the oscillations can survive long after the entropy has al-
most saturated, i.e. that the quantum oscillations can
take place for a long time even in an almost completely
decohered system. These oscillations do not decay ac-
cording to usual exponential (exp (−t/τ)) or Gaussian
(exp (−t2/τ2)) law, but exhibit long power-law (1/√t
or 1/t) tails. This result has interesting consequences.
The standard picture of a decoherence process assumes
that as soon as the system has decayed into a mixture
of pointer states, the fast quantum mechanical motion is
over, i.e. the pointer states are essentially static. This has
been confirmed by numerous studies of different types of
pointer states [1]. However, we observe that after the
system has decayed into a mixture of the pointer states,
and its entropy has reached maximum, the oscillations
still persist. It means that the pointer states are not
static: they exhibit non-trivial dynamical behavior. We
show this explicitly by analyzing the structure of the den-
sity matrix. The models considered here may be relevant
for a number of experimental systems [8].
Studies of the dynamics of quantum oscillations have a
long history. In most situations considered so far, quan-
tum oscillations exhibit very fast exponential or Gaussian
decay (it is the main reason for the classical behavior
of the world around us) [1]. Power-law-damped oscilla-
tions have been mentioned [8] for a single spin decohered
by a spin bath, but the dynamics of decoherence and
the structure of pointer states has not been analyzed in
detail. In contrast, in this study the properties of the
pointer states are of primary importance, especially for
a central system containing several spins, where the non-
trivial dynamics of the pointer states is even more pro-
nounced. Generally, to our knowledge, the possibility
of quantum oscillations without quantum coherence, i.e.
pointer states with non-trivial dynamics, have not been
discussed before.
For long-lasting oscillations, the system should be cou-
pled weakly to the environment, and the characteristic
energies of the system should be much larger than en-
vironmental ones. This situation, being less relevant for
experiments or the quantum measurement problem, has
not been studied in much detail. Usually, in this case
(referred to as the quantum limit of decoherence [9]), the
pointer states are the eigenstates |φn〉 of the system’s
Hamiltonian. The decay of the non-diagonal elements
〈φn|ρ|φm〉 of the density matrix ρ is Gaussian, and its
rate is linearly proportional to the magnitude of the in-
teraction Hamiltonian [9]. However, as we show below,
the quantum limit of decoherence can be more subtle.
Analytical studies of dephasing/decoherence are not
always possible. In many cases, they include approx-
imations which can be quite stringent (e.g. Markovian
behavior of the bath). In this work, we solve directly
2[10] the compound “system-plus-bath” time-dependent
Schro¨dinger equation, and the analytical approximations
we use are checked against this exact numerical solution.
First, let us study a single central spin s (s = 1/2) in-
teracting with a bath of spins Ik (Ik = 1/2), k = 1, . . . N .
The corresponding Hamiltonian is
H = H0 + V = HS +HB + V , (1)
where HS and HB are the Hamiltonians of the system
(central spin) and the bath, correspondingly, and V is
the system-bath interaction. The central spin is sub-
jected to an external field 2∆ applied along the x-axis, i.e.
HS = 2sx∆ = σx∆ (σx,y,z are Pauli’s matrices). We con-
sider an Ising-type interaction V = σz
∑N
k=1 Jkσ
z
k (where
σzk is Pauli’s matrix of the spin Ik), and assume that the
Hamiltonian of the bath is zero, i.e. the bath has no inter-
nal dynamics. Initially, the system and the bath are in an
uncorrelated product state |s〉⊗ |b〉; the state of the bath
|b〉 is a superposition of all possible basis states with ran-
dom coefficients. This model can be used for description
of decoherence in various systems, from electron spins to
SQUIDs [8]; the initial conditions then correspond to the
temperature ∆≫ T ≫ Jk.
In Fig. 1, we show the results for N = 14 bath spins;
the coupling constants are randomly distributed from
zero to Jmaxk = 0.125: Jk ={0.123, 0.06425, 0.079, 0.009,
0.0585, 0.03525, 0.012, 0.00525, 0.0945, 0.049, 0.1105,
0.02575, 0.07625, 0.11225}. Initial state of the central
spin is defined by the values σx(0) = 0.447, σy(0) = 0,
σz(0) = 0.894; the external field ∆ = 4.0. The observ-
able sz(t) demonstrates damped oscillations: the central
spin precesses around the x-axis with gradually decreas-
ing amplitude. Only σz(t) is shown: oscillations of σy
are identical (only shifted in phase), and σx stays con-
stant with good precision. To characterize the dynam-
ics of decoherence, we calculate the quadratic entropy
Se(t) = 1 − Tr ρ2(t) [1], Fig. 1(b). It is more convenient
than von Neumann’s entropy, while both characterize the
same, how strongly mixed is the state of the system.
Initially the amplitude of oscillations drops, and si-
multaneously the entropy rises very fast. But, after the
entropy has come close to its maximum, and the system
has decayed into a mixture of pointer states |p1〉 and |p2〉,
the oscillations are clearly seen for a very long time with
the amplitude of about 20% of the initial value. I.e.,
long-lasting quantum oscillations can indeed exist in a
decohered system. It means that the pointer states |p1〉
and |p2〉 have non-trivial dynamics.
Precision of the simulations can be checked since this
model is exactly solvable. The evolution operator is
U(t) = cosΩt − i(σzB + σx∆)Ω−1 sinΩt, where Ω =
[∆2 + B2]1/2, and B =
∑
JkS
z
k . Bath spins are static,
and the bath state |b〉 is a random superposition of a
large number (214 ≈ 1.6 · 104) of the eigenstates of the
operator B. Therefore, by the central limit theorem, the
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FIG. 1: Decoherence of a single spin coupled to a static bath.
(a): oscillations of σz (top) and an increase of entropy Se
(bottom); the frequency of oscillations is very high, and indi-
vidual lines of the σz(t) curve merge. (b) and (c): comparison
of the analytical solution (solid line) with the numerical re-
sults (dots) for the envelope of σz oscillations (b) and for
oscillations themselves (c). In (b), most of numerical data
points have been removed to make the line visible.
trace over the bath spins is equivalent to averaging over
the Gaussian random field B with zero average and dis-
persion b2 ≈∑k J2k , and for the case ∆≫ b:
σz(t) =
σz(0)
2pib2
Re
∫
dB exp
[−2i∆t− iB2t/∆] (2)
× exp [−(1/2)B2/b2]
The envelope of the σz(t) oscillations is σ
(env)
z (t) =
σz(0)
[
1 + (2t/τ1)
2
]1/4
, where τ1 = ∆/b
2. Thus, ini-
tially there is the usual Gaussian damping (quadratic
with time), but afterwards it changes to a slow power-law
decay 1/
√
2t/τ1. The analytical results for the envelope,
and for the oscillations of σz(t) themselves, coincide per-
fectly with the numerical simulations, see Fig. 1(c) and
(d).
The analytical solution makes clear that the rapidness
of the system’s dynamics (∆≫ Jk in our case) is needed
for long-time oscillations in a decohered system. Fast
motion of the system eliminates from the evolution op-
erator the decohering terms which are of first order in
the system-bath coupling B, and only second-order terms
survive, as in Eq. 2. In contrast to the conclusion of Ref.
[9], the decoherence remains rather fast, although the
spin-bath interaction does not have diagonal elements in
the σz basis.
We have considered above a static environment, but
slow internal dynamics does not influence our qualitative
conclusions. As an example, we add an external field
acting on the bath spins, so the Hamiltonian of the bath
becomes HB = hx
∑
k S
x
k , where hx ≪ ∆ (all other pa-
rameters are kept the same). The results of simulations
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FIG. 2: Decoherence of a single spin coupled to a slow bath.
(a): the envelopes of σz(t) oscillations, (b): entropy. Thick
solid line — numerical results for hx varying from 0.005 to 1.0
(all lines almost coincide), dashed line — the case of hx = 0,
thin solid line — analytical solution.
are shown in Fig. 2. Again, the slowly decaying oscilla-
tions are seen for long times, long after the entropy came
almost to saturation, but the oscillations decay faster
than in the case of zero hx. Rather interestingly, the
decay of the σz(t) oscillations is practically independent
of the hx value for hx varying from 0.005 to 1.0 (i.e. by
more than two orders of magnitude).
An exact analytical solution is not available for hx 6= 0.
To analyze the dynamics of the system, we use the cu-
mulant expansion for the evolution operator (the Magnus
expansion, widely used e.g. in the theory of NMR)[11]:
U(t) = exp (−iH0t) exp [−iX(t)], where
X(t) =
∫ t
0
dsV(s)− i
2
∫ t
0
∫ s
0
ds du [V(s),V(u)] + . . . (3)
where V(t) = exp (iH0t)V exp (−iH0t), and only secular
terms (growing linearly with time without oscillations)
are retained. At short times t ≪ τ2 = 1/hx, the bath is
practically static, and the results are the same as for the
case hx = 0. For long times t≫ τ2, independently of the
value of hx,
U(t) = exp
[−iσxt∆− iσxt(B2z +B2y)/(4∆)], (4)
where Bz =
∑
k JkS
z
k , and By =
∑
k JkS
y
k . To evaluate
the evolution operator (4), we consider the bath in the
mean-field manner similar to the Mermin model [12], and
replace By,z by Gaussian random fields. The envelope is
σ
(env)
z (t) = σz(0)
[
1 + (b2t/∆)2
]1/2
, i.e. the oscillations
decay as 1/t. These conclusions agree reasonably with
the results of numerical simulations, see Fig. 2(a): for hx
varying from 5 · 10−3 to 1.0, the shape of the envelope of
σz(t) does not depend on hx and is close to the analytical
curve.
Another way of turning on the dynamics of the bath is
to couple bath spins with each other by small exchange
interactions. We have studied the Ising-type exchange
HB =
∑
k AklS
x
kS
x
l , with constant Akl = A and random
Akl. The results are qualitatively the same as above,
what agrees with our considerations and arguments of
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FIG. 3: Decoherence of two coupled spins by a spin bath. (a):
oscillations of σ1z(t); (b): entropy; (c): correlations between
the central spins, Czz12 (solid line), and C
xx
12 = C
yy
12
(dashed
line); (d): comparison of the numerical results for σ1z(t) (dots)
with analytical short-time solution (solid line) and long-time
approximation (dashed line). Most of numerical data points
are removed to make the lines visible.
Ref. [9], which suggest that the exact dynamics of the
bath is unimportant as long as it is slow.
Finally, we study the quantum oscillations in deco-
hered many-spin systems. In this case, we see most
clearly the two stages, the first one associated with the
decay of the system into a mixture of dynamical pointer
states (when the entropy rises close to its maximum),
and the second one, when the oscillations of the pointer
states decay.
As a simple example, we consider two spins s1 and s2
with Heisenberg anisotropic coupling J between them, so
that the system’s Hamiltonian H0 = 2Js1s2+J/2. Spins
are coupled to the static bath via isotropic Heisenberg
exchange, V = ∑k Jk(s1 + s2)Sk. For the simulations
presented in Fig. 3, we use J = 8.0, and the values of the
coupling constants are the same as above. The initial
state of the system is the product | ↑〉| ↓〉, i.e. the sym-
metric superposition of the triplet |s = 1, sz = 0〉 and the
singlet |s = 0〉 states. We present only the oscillations
of the z-component of the first spin σz1(t): oscillations of
σz2(t) are just shifted in phase by pi, and all other com-
ponents of the central spins remain practically constant.
The results of the numerical simulations are shown in
Fig. 3 (note the time scale in this case). Again, there is
an initial sharp decrease of the amplitude of oscillations
and an increase of entropy; moreover, the correlations
Cαβ12 = 〈σα1 σβ2 〉 between the two central spins follow the
behavior of the entropy supporting the conclusion about
practically complete initial decoherence of the system.
Nevertheless, again, the oscillations exhibit a long tail,
although the entropy and the correlations has saturated.
Analytical treatment of the Heisenberg case also supports
4this picture. The exact evolution operator is
U(t) = exp [−iJs2t/2− is
∑
k
JkSk], (5)
and its mean-field evaluation gives σ
z(env)
1 (t) = (1/3)[1−
2(b2t2− 1) exp (−b2t2/2)], i.e. usual fast Gaussian decay,
but the final value is 1/3 rather than zero. This pre-
diction, valid for short times, is in very good agreement
with the numerical results, see Fig. 3 (d). However, there
is a subsequent decay of oscillations, associated with the
next-order terms, quadratic in b. We did not manage to
obtain an analytical expression, but in analogy with the
single-spin hx 6= 0 case, we can assume 1/t decay, and
indeed, the numerical results in Fig. 3(d) are in good
agreement with the 1/t assumption.
Detailed analysis of correlations between the two spins
allows us to reconstruct the full density matrix, and to
check the structure of pointer states explicitly. The re-
sults are shown in Fig. 4. At the first stage, the diago-
nal elements of the density matrix change: part of the
|s = 1, sz = 0〉 spectral weight is transferred equally
to the |s = 1, sz = ±1〉 states. The direction of the
system’s total spin randomizes (although incompletely)
due to rotation around the randomly oriented effective
field generated by the bath (see Eq. 5). Also, at the
first stage the non-diagonal element of the density matrix
〈s = 0|ρ|s = 1, sz = 0〉 decays rapidly, not to zero, but to
0.3. The other non-diagonal elements remain small (not
shown). Thus, by the end of the first stage, the system
has decayed into a mixture of pointer states belonging
to the subspaces of different sz. However, these pointer
states are not static: there are long-living oscillations
within the subspace sz = 0 (containing two states, one
singlet and one triplet). These oscillations do not take
place inside decoherence-free subspaces (DFS) [13, 14],
and are due to non-trival fast quantum dynamics of the
pointer states. This picture holds also for other initial
conditions, but, in general, the dynamics inside the DFS
and the oscillations of pointer states show up simultane-
ously.
The conclusions presented here are confirmed (results
not shown) by calculations for different sets of the sys-
tem’s parameters, for the environments of different sizes,
etc. We have also checked the case when the central
spins are coupled differently with the environment, and
the picture remains the same. Our qualitative conclu-
sions also hold for larger central systems, such as a ring
of 4 coupled spins.
In summary, we have studied numerically the dephas-
ing and decoherence processes which take place in some
generic systems of interacting spins 1/2 coupled to a spin
bath. We compare the dynamical increase of entropy of
the central system and the decay of quantum oscillations.
We found that in some cases quantum oscillations take
place long after the entropy came close to saturation, i.e.
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FIG. 4: Dependence of the density matrix elements vs. time.
(a): diagonal elements for |s = 1, sz = 0〉 state (solid line),
|s = 1, sz = ±1〉 states (dashed line), and |s = 0〉 state (dotted
line); (b): nondiagonal element 〈s = 0|ρ|s = 1, sz = 0〉. All
other matrix elements are very small.
that the quantum coherent oscillations can exist in deco-
hered systems. The oscillations exhibit long tails which
decay with time as 1/t or 1/
√
t, and are observable long
after the system has decayed into a mixture of pointer
states. Therefore, the pointer states can exhibit non-
trivial fast dynamics. We have shown this also by direct
analysis of the density matrix.
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